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I -INTRODUCTION
I n c l a s s i c a l mechanics, t h e concept o f c h a o t i c systems i s p e r f e c t l y defined and the c h a r a c t e r i s t i c p r o p e r t i e s o f such systems are known. I n quantum mechanics, on the other hand, such a c l a s s i f i c a t i o n does n o t e x i s t . One may obviously define a quantum system as being c h a o t i c when i t s c l a s s i c a l equivalent i s chaotic. T h i s i s a c t u a l l y the d e f i n i t i o n o f a quantum chaotic system. However, such a d e f i n i t i o n gives no i n f o r m a t i o n on what could be t h e c h a r a c t e r i s t i c p r o p e r t i e s o f such a system. I n t h i s t a l k , we s h a l l present some "experimental " r e s u l t s which may g i v e an i n d i c a t i o n o f what could be these c h a r a c t e r i s t i c p r o p e r t i e s . Following a somewhat h i s t o r i c a l order, we s h a l l thus b r i e f l y r e c a l l some r e s u l t s of the random m a t r i x theory and compare them t o t h e a v a i l a b l e experimental data on nuclear resonances. Then we s h a l l show (numerically) t h a t the same f l u c t u a t i o n p r o p e r t i e s are found i n some chaotic systems and n o t i n i n t e g r a b l e systems.
I 1 -PROPERTIES OF G.O.E. SPECTRA A t low e x c i t a t i o n energy, the nuclear spectra are r a t h e r well reproduced by s h e l l model c a l c u l a t i o n s . A t present t i n e such c a l c u l a t i o n s are able t o reproduce, a t most, the f i r s t hundred l e v e l s o f a nucleus, and i t seems hopeless t h a t a r e l i a b l e d e s c r i p t i o n o f higher e k c i t e d s t a t e s could be obtained. Furthermore such an exact d e s c r i p t i o n would not be very useful and one i s more i n t e r e s t e d i n s t a t i s t i c a l p r o p e r t i e s o f the spectrum, such as the l e v e l density, which, i n c o l l i s i o n theory, are t h e o n l y r e l e v a n t q u a n t i t i e s . Thus one i s l e d t o search f o r a s t a t i s t i c a l d e s c r i p t i o n o f the nucleus. Such an approach, namely the random m a t r i x theory, has been i n i t i a t e d by Wigner, and developed by Dyson and many o t h e r authors / I / .
I n t h i s t a l k we s h a l l concentrate on the Gaussian Orthogonal Ensemble (G.O.E.) which apply t o systems which are i n v a r i a n t under r o t a t i o n and time r e v e r s a l . With these two conditions, one may show t h a t the m a t r i x ensemble c o n s i s t s o f r e a l symmetric matrices. I f one add the c o n d i t i o n t h a t the m a t r i x elements are s t a t i st i c a l l y independent, t h e p r o b a b i l i t y d e n s i t y o f an Hamiltonian o f t h e ensemble i s found t o be : where N i s the dimension o f the m a t r i x . Given t h i s j o i n t p r o b a b i l i t y , one may o b t a i n the eigenvalue d e n s i t y by i n t e g r a t i n g eq. (11) over a l l b u t one variables.
S i m i l a r l y , c o r r e l a t i o n between eigenvalues may be obtained by e v a l u a t i n g the 2-points, 3-points, ... functions which are obtained from eq. (11) by i n t e g r a t i n g over a l l b u t two, three, ... variables. These i n t e g r a t i o n s are f a r from obvious, and the mathematical technics needed t o o b t a i n them have been developed by Mehta, and here we s h a l l o n l y present the r e s u l t s . a) One-point f u n c t i o n :
The l e v e l density obtained from eq. (11) i s given asymptotically by the semi c i r c l e law o f Wigner :
This l e v e l density i s obviously f a r from experimental d e n s i t i e s , b u t t h i s p o i n t i s not very important since we are mainly i n t e r e s t e d i n f l u c t u a t i o n s o f the actual l e v e l density around the average one. In order t o make the study o f f l u c t u a t i o n s and c o r r e l a t i o n s easier, we s h a l l work on what i s c a l l e d an unfolded spectrum, i .e. on a spectrum o f constant average spacing. When the averaged l e v e l d e n s i t y i s known, the unfolded spectrum EKmay e a s i l y be obtained from the exact one cK by t h e f o l l o w i n g r e l a t i o n : I t i s easy t o show t h a t the spectrum so obtained have an average spacing between adjacent l e v e l s equal t o 1, and i n a l l the f o l l o w i n g we s h a l l assume t h a t we deal w i t h such a spectrum. b ) Two-points f u n c t i o n :
The exact expression o f the j o i n t p r o b a b i l i t y density p(E,E1) has been given by Mehta and Gaudin. However t h i s expression i s n o t very p r a c t i c a l t o use, and we s h a l l o n l y g i v e r e s u l t s on various q u a n t i t i e s which are derived from t h i s two-points f u n c t i o n and which are e a s i l y measurable on a given spectrum. The f i r s t such q u a n t i t y i s the p r o b a b i l i t y d e n s i t y o f spacing between adjacent l e v e l s . I n the GOE, i t
i s found t h a t t h i s density p ( s ) i s very close t o the Wigner surmise :
The exact expression o f the spacing d i s t r i b u t i o n i s almost i n d i s t i n g u i s h a b l e from -eq. (V), t h e main d i f f e r e n c e being a s l i g h t m o d i f i c a t i o n o f t h e variance (ogOE = n .286, crL = .277). The form o f the spacing d i s t r i b u t i o n given i n eq. (V) has two i m p o r t a i t consequences on the spectrum. F i r s t , one may see t h a t there i s q u i t e a strong l e v e l r e p u l s i o n i n t h e GOE spectrum. Indeed, on a sample o f 1000 l e v e l s , one w i l l find, on t h e average, only 8 spacings smaller than .l. T h i s i s t o be compared t o what would be observed i n a Poisson spectrum where the spacing d i s t r ib u t i o n would be :
I n such a spectrum, the average number o f spacings smaller than .1 would be close t o 100 on a sample o f 1000 l e v e l s . As f o r the l a r g e spacings, one also notes t h a t i n a sample o f 1000 l e v e l s o f a GOE spectrum, one w i l l f i n d o n l y 1 spacing l a r g e r than 3, whereas i n a Poisson spectrum the expected number o f spacings l a r g e r than 3 would be 50.
Thus the GOE spectrum seems, i n some sense, f a r more r i g i d than a Poisson spectrum, since f o r t h e former small and l a r g e spacings are s t r o n g l y forbidden as compared t o the l a t t e r . As we s h a l l see now, t h i s r i g i d i t y o f the spectrum i s the most s t r i k i n g f e a t u r e o f GOE spectrum. Indeed, the evaluation o f the 2-points f u n c t i o n allows us n o t o n l y t o evaluate t h e spacing d i s t r i b u t i o n eq. (V) b u t a1 so t o evaluate correl a t i o n s between spacings. I n f a c t , i n a Poisson spectrum ( t y p i c a l l y , r a d i o a c t i v e decay) t h e r e are no c o r r e l a t i o n between spacings so t h a t i f one measure the l e n g t h o f an i n t e r v a l o f n spacings, i . e . the l e n g t h Ln = (En, K -EK), the average l e n g t h w i l l be equal t o n and t h e variance o f t h e l e n g t h w i l l a l s o be equal t o n. On t h e contrary, i n a GOE spectrum one f i n d s strong c o r r e l a t i o n s between spacings, s p e c i a l l y f o r adjacent spacings f o r which the c o r r e l a t i o n c o e f f i c i e n t i s equal t o -.273. More generally, one f i n d s t h a t the c o r r e l a i o n c o e f f i c i e n t between u n i t 8 spacings separated by K spacings decreases as 1./K . The existence o f strong negative c o r r e l a t i o n s between spacings r e i n f o r c e s the r i g i d i t y o f the spectrum. I n f a c t i f one measure the l e n g t h o f an i n t e r v a l o f n spacings, one w i l l f i n d t h a t the averaged l e n g t h i s equal t o n, as i n the Poisson case. However, f o r the variance o f t h i s length, one w i l l f i n d t h a t i t increases as Log(n) and n o t as n. For instance, f o r n = 10, one would observe a variance equal t o 10 i n the Poisson case, and a variance equal t o .742 i n t h e GOE case. Thus the f l u c t u a t i o n s o f t h i s l e n g t h are much l a r g e r i n a Poisson spectrum than i n a GOE spectrum, which i s very much a l i k e a r e g u l a r and uniform spectrum.
I n order t o evaluate q u a n t i t a t i v e l y t h i s r i g i d i t y , Dyson and Mehta introduced the A o r A* t e s t which are r e l a t e d t o t h e two p o i n t s f u n c t i o n o n l y and which measure t i e d e v i a t i o n of a given spectrum from a p i c k e t fence o r uniform spectrum. This t e s t has the f o l l o w i n g expression :
One may show t h a t f o r a Poisson spectrum, the average value o f A; i s equal t o n/15. Whereas f o r GOE one obtains
Thus, one would f i n d r e s p e c t i v e l y AT5 = 1 and 10 i n a Poisson spectrum, and = -188 and = .412 i n a GOE spectrum. F i n a l l y the variance o f A ; which i s r e l a t e d t o the 2, 3 and 4 p o i n t s f u n c t i o n may a l s o be evaluated and i t has been shown t h a t f o r Poisson t h i s variance increases as n whereas f o r GOE t h i s variance i s almost independent o f n and a s y m p t o t i c a l l y equal t o .012.
I 1 1 -ANALYSIS OF EXPERIMENTAL DATA
A f t e r t h i s b r i e f review o f the p r o p e r t i e s o f GO€ spectra, l e t us see i f the avail abl e experimental data on neutron resonances e x h i b i t the f l u c t u a t i o n p r o p e r t i e s predicted by the random m a t r i x theory. Such an analysis has been performed by Haq, Pandey and Bohigas who used a s e t o f 1407 resonance energies corresponding t o 30 sequences o f 27 n u c l e i /2/. The r e s u l t s o f t h e i r a n a l y s i s are presented on f i g u r e s l a and l b . On these f i g u r e s , one may note the impressive agreement between the 
A3 by dots w h i l e t h e continuous l i n e s give the p r e d i c t i o n s f o r Poisson, G.O.E. and G.U.E. t h e o r e t i c a l values and the experimental ones f o r A?(n) and f o r t h e variance of A3(n). Thus, one may conclude t h a t t h e GOE gives a good d e s c r i p t i o n o f the f i u c t u a t i o n p r o p e r t i e s o f nuclear spectra. However, t h i s agreement r a i s e s immed i a t e l y the question of why such a crude model, w i t h so l i t t l e physical i n p u t , ( a p a r t from r o t a t i o n a l and time reversal invariances) , i s able t o p r e d i c t the experimental f l u c t u a t i o n properties. A possible answer t o t h i s question c o u l d
be t h a t these f l u c t u a t i o n p r o p e r t i e s r e f l e c t o n l y the "complexity" o f the physical system studied and t h a t a l l systems w i t h the same "complexity" would e x h i b i t the same f l u c t u a t i o n p a t t e r n . However, t h i s answer r a i s e s i n t u r n another question, namely t h a t o f t h e d e f i n i t i o n o f complexity o f a quantum system. I s t h i s "complex i t y " r e l a t e d t o the l a r g e number o f degrees o f freedom as i n the nuclear case, o r i s i t r e l a t e d t o t h e chaotic nature o f the equivalent c l a s s i c a l system ? I n order t o answer, a t l e a s t p a r t i a l l y , t o the l a s t question, we now t u r n t o the study o f quantum systems whose c l a s s i c a l equivalent are chaotic. F i r s t l e t us r e c a l l t h a t the c l a s s i c a l conservative systems may be c l a s s i f i e d according t o the properties o f the time e v o l u t i o n o f the system. Thus one may d i s t i n g u i s h 5 d i f f e r e n t types o f c l a s s i c a l conservative systems (note, however, t h a t almost no system enters i n t h i s c l a s s i f i c a t i o n ) : 1) I n t e g r a b l e systems : a t r a j e c t o r y covers densely an n-dimensional t o r u s i n the 2n-dimensional phase-space ( f o r instance, a l l systems w i t h 1 degree of freedom, square o r c i r c u l a r b i l l i a r d s i n 2 dimensions).
2 ) Ergodic systems : almost a l l t r a j e c t o r y densely covers the (2n -1) dimensional v a r i e t y s(E) i n phase space, spending equal time i n equal area.
3) Mixing systems : any area o f s(E) get spread uniformly over the energy surface s(E) as T + m. (Mixing => ergodic) (mixing < = > the system asymptot i c a l l y f o r g e t i t s i n i t i a l s t a t e ) . 4) K-systems : most i n i t i a l l y close o r b i t s separate e x p o n e n t i a l l y w i t h time K-systems ===+mi xi ng =>ergodic.
(Example : Arnold's cat, Sinai b i l l i a r d s , stadium, . . .).
) B e r n o u i l l i systems : sequential measurements o f a t l e a s t one observable are s t a t i s t i c a l l y independent (ex. : Baker's transformation).
Thus we see from the examples given above t h a t there e x i s t s c l a s s i c a l systems which are simple enough so t h a t one may be able t o solve t h e i r quantum equivalent and which, nevertheless may be e i t h e r i n t e g r a b l e o r chaotic. These simple systems are mainly b i l l i a r d s w i t h various f r o n t i e r s . T h e i r quantum equivalent amounts t o f i n d the v i b r a t i o n modes o f a membrane f i x e d on a given contour C, i.e. t o solve the Helmoltz equation :
I n order t o solve t h i s equation, we have s e t t l e d a numerical program which i s able t o f i n d r a t h e r e f f i c i e n t l y the f i r s t 1000 l e v e l s o f a given b i l l i a r d . This program has been checked by applying i t t o i n t e g r a b l e b i l l i a r d s (square and c i r c u l a r ) . This comparison has shown t h a t the eigenvalues are determined w i t h a p r e c i s i o n b e t t e r than 5/100 o f the average spacing. Besides, we found t h a t i n the c i r c u l a r case, t h e algorithm missed o n l y 12 l e v e l s on the f i r s t 400 l e v e l s , and t h a t t h i s 12 l e v e l s correspond i n f a c t t o 12 p a i r s o f almost degenerate l e v e l s t h a t we c o u l d n o t separate. The a n a l y s i s o f the c i r c u l a r b i l l i a r d data are presented on f i g u r e s 2 and 3 where they are compared t o the p r e d i c t i o n s of GOE and Poisson. This compar i s o n , a1 though n o t d e f i n i t e l y concluding, shows nevertheless t h a t f o r the c i r c u l a r b i l l i a r d the spectrum i s c l o s e r t o a Poisson spectrum than t o a GOE one. The spacing d i s t r i b u t i o n shows indeed t h a t small and l a r g e spacings are r a t h e r frequent much more than i n a GOE spectrum. As f o r the A* values, although smaller than the Poisson predictions, they are much l a r g e r than f o r GOE and t h e i r dependence on t h e number o f l e v e l s i s r a t h e r l i n e a r . The f a c t t h a t the spectrum o f an i n t e g r a b l e system i s o f a Poisson type i s n o t so s u r p r i s i n g (although n o t demonstrated). Indeed, f o r such a system, t h e spectrum i s the sum o f an i n f i n i t e number o f spectra, each corresponding t o d i f f e r e n t values o f the o t h e r quantum numbers. For instance, i n the c i r c u l a r b i l l i a r d , the spectrum i s the sum o f the spectra a t f i x e d angular momentum. I f one assumes t h a t these d i f f e r e n t spectra are uncorrelated, then the sum o f these spectra should g i v e a Poisson spectrum. Now t h a t we have checked our algorithm, l e t us see the r e s u l t s obtained w i t h a K-system. W e have applied our program t o the stadium b i l l i a r d and computed about 850 l e v e l s f o r each symmetry. The r e s u l t s o f the analysis are presented on figures 4 , 5 and 6. On f i g u r e 4 one may see t h a t the spacing d i s t r i b u t i o n s are i n very good agreement w i t h the GOE predictions. As f o r the A* values, they c l e a r l y e x h i b i t a l o g a r i t h m i c behaviour w i t h n, f o r values o f n as l a r g e as 100 o r 150, the agreement w i t h GOE being r a t h e r good although s l i g h t l y poorer. S i m i l a r l y , the variance o f A* are found t o be r a t h e r constant f o r n smaller than 100 and n o t too f a r from the t h e o r e t i c a l p r e d i c t i o n s . Thus although a more d e t a i l e d analysis should be done, one may conclude t h a t there a r e strong evidences t h a t the spectrum o f a K-system such as t h e stadium e x h i b i t s a strong r i g i d i t y and i s indeed very close t o a GOE spectrum. Note t h a t we had already studied another K-system, namely the S i n a i b i l l i a r d and t h a t t h i s study had given the same conclusion although s l i g h t l y l e s s founded due t o t h e poorer s t a t i s t i c s / 3 / . 
V -CONCLUSION
Thus, t o summarize t h i s t a l k , we may say t h a t t h e r e are strong experimental evidmces t h a t nuclear spectra ( a t n o t t o o low an energy) are extremely r i g i d and t h a t the same r i g i d i t y i s observed i n c h a o t i c quantum b i l l i a r d s . On the c o n t r a r y the spectrum o f an i n t e g r a b l e system appears t o be much l e s s r i g i d and close t o a Poisson spectrum. A t e n t a t i v e i n t e r p r e t a t i o n o f these "experimental" r e s u l t s could be t h a t these f l u c t u a t i o n p r o p e r t i e s r e f l e c t the nature o f the system studied and t h a t the spectrum o f a chaotic quantum system w i l l e x h i b i t the r i g i d i t y o f GOE spectra. Such an i n t e r p r e t a t i o n i s very appealing, however i t i s c l e a r t h a t more experimental data (nuclear and numerical ) are needed t o a s c e r t a i n i t and obviously a t h e o r e t i c a l ground would be we1 come.
The r e s u l t s presented here are p a r t o f a work done i n c o l l a b o r a t i o n w i t h 0. Bohigas and M.J. Giannoni.
